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Abstract—Making the robot move on its own gives extra 

challenges such as the robot’s ability to localize 

autonomously, generate a map of its environment and avoid 

the obstacles. This paper presents new methods to solve 

problems caused by the navigation of a self-directed 

Wheeled Mobile Robot (WMR) in unknown environments 

which may contain unknown-positions & dimensions 

regular rectangle static obstacles. This work has been 

implemented in several stages. Firstly, image processing 

which is developed in MATLAB in order to detect the 

obstacles edges and divide the environment into various 

spaces. Secondly, motion planning based on “Grid Method” 

in order to find all the possible paths and choose the best 

one. Thirdly, Chained Form Algorithm with Cosine Switch 

Control is used to steer 3-WMR from the start-point to the 

goal. The methods, which are developed in this work to 

come up with the free collision motion planning for wheeled 

robot, are completely innovative and unique. As well these 

methods are able to solve the problem of local minima. The 

new methods provide the set of conditions under which a 

motion planning based on the proposed solutions in this 

paper would bring advantages.  

 

Index Terms—obstacle detection, obstacle avoidance, 

collision-free motion planning of WMRs 

 

I. INTRODUCTION 

Making the robot move on its own gives extra 

challenges such as the robot’s ability to localize 

autonomously, generate a map of its environment and 

avoid the obstacles. This paper focuses on the problems 

caused by the navigation of a self-directed Wheeled 

Mobile Robot (WMR) in unknown environments which 

may contain static regular rectangle obstacles of 

unknown-positions and dimensions. Recently study the 

WMRs has received more attention by researchers due to 

its importance in both industry and academia, especially 

the robots that serve in the hospitals or the robots that 

work in dangerous environments where human can’t 

access easily.  

Chained non-holonomic systems, potential field 

method, fuzzy logic technique and Neuro-fuzzy technique 

are used recently in the field of autonomous WMR 

navigation. Murray, M. and Sastry, S. introduced two 
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common non-holonomic systems jumping robot and 4-

WMR [1]. Chained control system algorithm with 

sinusoidal inputs based on Lie Algebra has been 

implemented for steering these systems with non-

holonomic constraints between arbitrary configurations. 

They introduced chained form of non-holonomic control 

system with two inputs also and show by sinusoidal 

inputs how to steer a car and a car with a trailer attached 

between arbitrary states [2]. Bushnell, L., Tilbury, D. and 

Sastry, S. discussed the sinusoidal input control algorithm 

and its application in three input chained form non-

holonomic systems [3]. For a fire truck system, Tilbury, 

D. proposed a multi-rate controls algorithm [4]. This fire 

truck system can be converted into three input chain 

systems. Sheng, L. studied the motion planning of non-

holonomic systems based on bang-bang control for n-

dimensional chained form systems with two inputs [5]. 

Liu, Y., Li, L. and Tan, Y. proposed a cosine switch 

control method for non-holonomic chained form system 

[6]. Deng, M. presented parking control scheme of a 2-

WMR using artificial potential Lyapunov function [7]. 

Urakubo, T. proposed a feedback controller that makes a 

two WMR converge to a desired point among obstacles 

such as a flat wall and a pillar [8].  

Ge, S. and Cui, Y. proposed a new potential field 

method for motion planning of mobile robots in a 

dynamic environment where the target and the obstacles 

are moving [9]. Rusu, C. and Birou, I. developed a fuzzy 

obstacle avoidance system for an autonomous mobile 

robot using IR detection sensors [10]. Yuki, O. addressed 

two issues in robotic application: an issue concerned with 

the verification of how well the existing heuristic 

methods compensate for uncertainty caused by sensing 

the unstructured environment, and an issue focusing on 

the design and implementation of a control system that is 

easily expandable and portable to another robotic 

platform aiming to future research and application [11]. 

Wei, L., Chenyu, M. and Wahl, F. proposed Neuro-Fuzzy 

system architecture to control of a mobile robot in 

unknown environments [12]. A neural network is used to 

understand environments. Its inputs are a heading angle 

between the robot and a specified target, and range 

information acquired by an array of ultrasonic sensors. 

The output from the neural network is a trained reference 

motion direction for robot navigation. Rusu, P. discusses 
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a Neuro-fuzzy controller for sensor-based mobile robot 

navigation in indoor environments [13]. The control 

system consists of a hierarchy of robot behaviors. 

Therefore, the present work is concerned with 

providing methods to obtain the collision-free motion 

planning of a non-holonomic system such as 3-WMR 

moving in unknown environments which may contain 

static regular rectangle obstacles (walls or barriers) 

between the home and goal points. Compared with other 

works, this work is able to solve the problem of local 

minima and that would bring advantages. 

The principle of the Grid Method is: firstly, find 

interim goals by dividing the environment into small 

rectangle areas. Secondly, detect the available rectangle 

areas in order to convert the global path between the start 

point and the goal point into a group of partial-paths 

(local paths). Finally, find the local paths by using “the 

cosine switch control”. The overall path which consists of 

a group of sequential local paths of a series of sequential 

available areas which are linked between the start point 

and goal point is called the Global Path. This paper also 

proposes an image processing method to detect and 

enlarge the static regular rectangle obstacles of the 

environments. 

II. OBSTACLES DETECTION AND ENLARGING 

METHODS 

Special kinds of unstructured environments with static 

obstacles were studied and analyzed in this paper. Fig. 1 

describes the specification of the environment and 

obstacles, whereas the shape of both the environment and 

the obstacles is a rectangle, the borders of the obstacles 

are parallel or perpendicular to the borders of the 

rectangle environment “regular” and the obstacles have 

unknown-position and unknown-dimensions. An off-

board sensor camera is installed on the top of the 

environment to be used in the image processing. 

 

 

Figure 1.  3D-model of an environment with unknown regular-

rectangle static obstacles. 

The main goal of the proposed image processing 

method is to detect the borders of the studied obstacles. 

So the difference in color between the background and 

the obstacles must be clear enough to ensure the image 

processing success. 

A. Obstacles Detection Method 

The goal of obstacles detection is to install a grid of 

horizontal and vertical pink lines which contact with the 

real borders of the obstacles; these lines will divide the 

original image of the real environment into available and 

forbidden spaces. By using the absolute value of the first 

order partial derivative of the original image function 

f(x,y) with respect to x, y respectively, the horizontal and 

vertical edges will be detected as shown in Fig. 2. 

 

 

Figure 2.  Edge detection image. 

The gradient of an image is a change in color. An edge 

in an image occurs when the gradient is greatest. The 

Sobel operators can be used based on this fact to find the 

edges in an image. They calculate the approximate image 

gradient of each pixel by convolving the image with a 

pair of 3×3 filters. These filters estimate the gradients in 

the X and Y directions and the magnitude of the gradient 

is simply the sum of these two gradients. 

 

 

Figure 3.  Sobel operators. 

The resulting image may contain some noise due to the 

illumination. To reduce it, average filter, then 

thresholding process are applied to that image. The mean 

value m which is used for the thresholding process of the 

image is calculated by the image histogram analysis. 

Finally, colors are reversed. 

 

Figure 4.  Enhancement in edge detection image. 

 

Figure 5.  Thresholding process. 
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By reading those pixels approximating to the white 

color in the original image and considering the real 

borders of the environment in the original image, the 

obstacles are placed in the resulting image with a black 

color. 

 

Figure 6.  Obstacles placement and borders considering. 

B. Obstacles Enlarging Method 

After detecting the real borders of the obstacles and 

environment and by considering the radius of the robot, it 

is wanted to enlarge the obstacles and environment 

borders from all the sides by the radius of the robot in 

order to convert in advance the path planning of a WMR 

into a path planning of a point robot. To accomplish this 

task, we proposed a special method based on dividing 

each obstacle into vertical and horizontal segments (each 

segment is found by counting pixels of each row and 

column of the image matrix from the left and top borders 

until the first change in pixel value and finish by the 

second change). If one row or column has more than one 

segment, these segments will be found by several pixel 

value changes and defined in pairs. To each segment 

found, a radius of the robot must be added to each side as 

shown in Fig. 7. The new borders of the obstacle and 

environment after the enlargement must be detected by 

using the obstacles detection method again. 

 

Figure 7.  Segment method. 

 

Figure 8.  Obstacles enlarging. 

III. MOTION PLANNING: THE GRID METHOD 

Grid method is developed in order to steer the WMR in 

unknown environments. The principle of the proposed 

method is to convert the global path between the start 

point and the goal point into a group of partial-paths 

(local paths) by finding interim goals. The main idea to 

achieve that is to divide the environment into small 

rectangle areas according to the dimensions and location 

of the obstacles, by this way we can convert the 

environment into a mini matrix. In the following sections, 

implementation steps using MATLAB show how this 

method works: 

Based on the vision technology method introduced 

above, pink horizontal & vertical lines are established 

programmably crossing the new edges of the obstacles 

after enlarging process in order to divide the environment 

into a number of small rectangle-areas. There are 

basically two kinds of those rectangle areas as shown in 

Fig. 9: a- Forbidden rectangle areas: and they represent 

the unavailable areas of the obstacles’ existence where it 

is forbidden for the robot to move. b- Available rectangle 

areas: and they stand for the possible areas where the 

robot can run freely without collision inside them. 

 

Figure 9.  Divide the environment into various areas. 

Then representing the environment as a mini matrix 

mM is wanted as shown in Fig. 10. The dimensions of 

mM are same as the number of the horizontal and vertical 

rectangle areas which appear in the grid. The elements of 

mM represent rectangle areas of the grid. The values of 

mM elements are given as following: 
1  ;for elements which represent the available areas.

2  ;for elements which represent the start and goal areas.

0  ;for elements which represent the unavailable areas.





  

 

Figure 10.  Mini matrix of an environment. 

Modify the mini matrix: through the detection of the 

dead areas, the un-useful areas and the available areas, 

and then convert the un-useful areas into dead areas as 

shown in Fig. 11. Dead areas refer to the presence of the 

obstacles. The un-useful areas refer to the available areas 
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where the robot will be trapped if it gets inside, whilst the 

available areas represent the possible spaces where robot 

can run without collision. This helps to solve the problem 

of local minima. Each of the grid rectangle areas are 

represented by an element in the mini-matrix and 

normally each element has 8 neighbours around it with 

the exception of peripheral elements. The principle to 

find the un-useful area depends on considering the zeros 

neighbours of each element in the mini matrix and 

element position also. For example, in Fig. 11 in the mini 

matrix the one in the orange circle is almost surrounded 

by zeros so it refers to un-useful area and in the new mini 

matrix it is converted into zero. Repeating the search 

process will detect more un-useful areas. 

 

 

Figure 11.  Convert un-useful areas into dead areas. 

Generate the global paths: The global path is each of 

the possible paths which connect the area of the start 

point with the area of the goal point crossing the available 

areas. Generally, it consists of a set of local paths, where 

the local path is defined as the part of the global path that 

is located inside one available area. Here it must be noted 

that in the case in which the start and the goal points are 

in the same available area, there is only one optimal path 

(straight line) between them and it is by definition a local 

path. The process of generating the global paths consists 

of moving from the current position (the current 

rectangle-area) into the neighbouring available areas and 

repeating this until the target-area (which contains the 

goal point) is reached. As well as if the branching process 

leads to a trapped available rectangle area (i.e. the robot 

gets caught in a trap), in this case, the branching process 

from this area will be stopped and it is hopeless to reach 

to the target from this way.  These areas must be ordered 

according to the distance to the goal point. The one with 

the shortest distance will be located on the left branch of 

the tree. The next selected area will also have 

neighbouring available areas which are to be ordered 

following the previously mentioned criteria. This process 

must be repeated until the goal is reached. Each set of the 

local paths connecting the original-area and the target-

area represent a possible global path, but among them we 

have to choose the most suitable ones (the shortest). Fig. 

12 shows the branching process, it starts from the original 

area 29th which has only two available rectangle areas 

22nd and 30th (23rd is unavailable), and then repeats 

these criteria until reaching the target. 

 

 

Figure 12.  Branching tree diagram. 

The method requires many times of paths generation. 

In addition, more obstacles will increase calculation time. 

So dynamic programming based on Dijkstra's algorithm 

using a priority queue is used to reduce the calculation 

time. 

Entry-Point and Exit-Point: from the previous steps, 

each global path right now is consisting of a series of 

sequential available areas which link between the 

original-area and the target-area. In order to define the 

global path as a series of sequential points which link 

between the start-point and the goal-point, the local path 

inside each of those sequential available areas must be 

defined, and to achieve that the following rules were 

adopted to find the coordinates of two points (entry and 

exit points) for each of the available areas: 

 The robot should enter the next available area 

from its entry-point coming from the previous 

available, area and should leave the current area 

from its exit-point passing to the next available 

area.  

 The entry-point of the original-area is the start 

point. The exit-point of the target area is the goal 

point. 

 The straight path between the entry-point and exit-

point for one available area is a local path. 

 The exit-point of each available area is the entry-

point of the next available area, and finding its 

coordinates depends on the position of the next 

neighbouring available area in the global path. The 

shortest local path of one area to the horizontal or 

vertical neighbouring area is the shortest straight 

line from its entry-point to the border between the 

adjacent areas, and for the diagonal neighbouring 

areas, it is a straight line to the corner. 

 Modify the global path: each global path right now 

is consisting of a series of sequential points which 

link between the start-point and the goal-point. In 

this step, the useless interim points of the series of 

sequential points composing the global path must 

be deleted. To make it clearer why would the 

robot have to go from the first point to the next 

one and then to the third one if it is able to go from 

the first to the third one directly without collisions. 

 Choose the shortest possible global path by 

calculating the overall length of each set of the 

local paths which compose one global path. 
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Figure 13.  Entry & Exit-Points, modify the global path. 

IV. COSINE SWITCH CONTROL OF 3-WMR 

Liu, Y., Li, L. and Tan, Y. proposed a Cosine Switch 

Control algorithm based on non-holonomic chained form 

system to steer a non-holonomic system in an empty 

environment (without obstacles). This method has proved 

that a 3-WMR system can be converted into 3-chained 

form system with two-inputs. The control inputs switch 

between two different modes to accomplish the cosine 

switch control. Cosine functions with unknown 

coefficients are taken as control inputs. In this work, this 

method is used to obtain the local path inside each of the 

available rectangle areas in order to steer the WMR from 

the entry-point to the exit-point of this available area. 

 

 

Figure 14.  Wheeled mobile robot and its initial coordinate frame. 

Fig. 14 shows the initial coordinate system for a 

differential-drive mobile robot, the initial coordinates of 

the robot are given by (X, Y), the angle that the velocity 

vector makes with the initial X-axis is given by  . The 

robot position is given by the (3×1) vector: 

   'm X Y   (1) 

The n-dimensional chained form system 

 1 2 3
   

n
z z z z z    with two inputs  

1 2
 v v   can be 

described as follows: 

 
1 1 2 2 3 2 1 1 1

 ,   ,  . , .  
n n

z v z v z z v z z v
   


     (2) 

3-WMR is 3-dimensional non-holonomic system (n=3). 

The non-holonomic constrains arise from constraining 

each wheel to roll without slipping during the movement. 

The kinematic model of 3-WMR, shown in Fig. 14, can 

be described as follows: 

 
1 1 2
 ,   ,  cos sinX u Y u u                       (3) 

where u1 refers to V the forward velocity of the robot 

centre which is perpendicular to the wheel axis, u2 stands 

for the steering or angular velocity .  ,X Y   
 are the 

forward velocity components. 

The following equation describes the kinematic 

model of the robot, where the angular velocity of 

right wheel 
R

  and left wheel 
L

  are the two actual 

inputs of mobile robot: 

 
1

2

2 2
R

L

u r r

u r b r b




 



    
    

    
 (4) 

where b is the distance between the two wheels and r is 

the radius of wheel. The steering velocity is caused by the 

differential of two wheels. The kinematic model of 3-

WMR can be converted into a two-input chained form 

system with three states by coordinate conversion and 

input feedback conversion as:  

 
1 1 1

2

2 22

3

cos

tan     1

cos

z X v u

z
v u

z Y







  
 

  
   

 (5) 

When cosine switch control algorithm is applied to the 

3-WMR, the forward velocity and steering velocity effect 

alternately. Therefore, motion of the car is divided into 

three steps: rotary motion, linear motion and rotary 

motion. This is due to the simply kinematic model and 

input conversion.  

For n-dimensional chained form system, cosine switch 

control can steer it from a given initial configuration z(0) 

to a desired configuration z(T) through 2(n - 2) + 1 times 

of switch mostly. In our case n=3 so the total time T is 

divided into 2(3 - 2) +1=3 intervals equally. The length 

of each time interval is: 

  / [2 n  2   1]T     (6) 

In odd time intervals, i.e., when 

[2 . , (2 1). ]  ,  ( 0,1,2 2)t i i i n        ,the control 

inputs are represented by: 

 
1 2 2 1

0 ,  (1 cos )
i

v v c wt


    (7) 

where 2 1ic   are undetermined coefficients, w is the 

angular frequency and w  2 /  . Using inputs in Eq. 

(7) to steer system in Eq. (2), we can get the 

configuration of system at the end-point of odd time 

interval through integral operation. 

 

1 2 1 1 2

2 2 1 2 1 2 2

3 2 1 3 2

2 1 2

( ) ( )

( ) . ( )

( ) ( )

             

( ) ( )

i i

i i i

i i

n i n i

z t z t

z t c z t

z t z t

z t z t





 







 





 (8) 
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In even time intervals, i.e., when 

[(2 1). , (2 2). ]  ,  ( 0,1,2 3)t j j j n         , the 

control inputs are represented by: 

 
1 2 2 2

(1 cos ) ,  0
j

v c wt v


    (9) 

where 2 2jc   are undetermined coefficients. Using inputs 

in Eq. (9) to steer system in Eq. (2), we can get the 

configuration of system at the end-point of even time 

interval through integral operation. 

 

 

1 2 2 2 2 1 2 1

2 2 2 2 2 1

3 2 2 2 2 2 2 1 3 2 1

2
2 2 2 1

2 2 2 1

1

( ) . ( )

( ) ( )

( ) . ( ). ( )

             

. ( )
( ) ( )

!

j j j

j j

j j j j

k
n

j n k j

n j n j

k

z t c z t

z t z t

z t c z t z t

c z t
z t z t

k







  

 

   


  

 



 



 


 

 (10) 

The final configuration at T can be calculated by 

iterative operation via Eq. (8) and Eq. (10): 
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(11) 

Specify a set of coefficients 2 2j
c

 , and they must be 

satisfied with Eq. (12): 

 
3

1 1
2 2

0

( ) (0)n

j

j

z T z
c










  (12) 

Then we can get the remaining
 
coefficients 2 1i

c
  by 

substituting initial state z(0), final state z(T) and total time 

T into Eq. (11). 

V.
 

EXPERIMENTAL WORK:
 

SIMULATION AND RESULTS

 

Experiments of different cases of environments have 

been performed to achieve the motion planning methods 

of the 3-WMR. The experiments showed that the 

implementation of motion planning based on the 

proposed image processing and grid methods works with 

the available robot hardware. So that it must ensure the 

safe navigation through the obstacles in the environments 

and perform the simulation displayed. Fig. 15 shows a 

colored snapshot of a real environment.  

 

Figure 15.  Colored snapshot of a real environment. 

Applying the image processing method: using “first 

order derivative function”, the real borders of the 

environment were detected. By performing the “segment 

method”, the obstacles were enlarged from all the sides 

by a radius of the robot R=7.5 cm. As a result of applying 

“first order derivative function” again, the new borders of 

the obstacles were detected: 

 

 

Figure 16.  Detect the real borders. 

 

Figure 17.  Obstacles enlarging and detect the new borders. 

The grid lines were established and the summarized 

mini-matrix was defined as a matrix [75]:  

 

Figure 18.  The mini-matrix. 

In this step, the summarized mini-matrix was 

shortened: both of the 20th area and the 41st area are not 
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a target area (they don’t contain the goal point) as well as 

both of them seem as a trap (6 neighbors of each of them 

are zeros) so they are not useful, and it is wanted to 

convert them into dead areas.  

 

Figure 19.  Modify the mini-matrix.  

Generate the possible global paths and represent them 

by a tree: The process of generating the global paths 

consisted of moving from the original area “48th” into the 

neighboring available areas and repeating this until the 

target-area “13th” is reached.  

 

Figure 20.  A possible global path. 

 

Figure 21.  Branching tree of possible paths. 

Generate the possible global paths as a series of 

sequential points which link between the start-point and 

the goal-point by finding the coordinates of two points 

(entry-point and exit-point) for each of the available areas. 

Modify the result path by deleting the useless interim 

points of the series of sequential points composing the 

global path. 

 

Figure 22.  The best path. 

Finally, the cosine switch control algorithm is applied 

to the 3-WMR 3-times to realize the motion planning. 

The 3-WMR should travel form a configuration to the 

next configuration and the time required to finish this task 

is T=9 seconds. So the total time required to finish the 

whole motion is 27 seconds. The simulation results and 

the real movements are shown in Fig. 23 and Fig. 24. 

 

 

Figure 23.  Simulation results: displacement and steering angle versus 
time. 

 

Figure 24.  Real robot movements. 

VI. CONCLUSION 

The current work deals with special kinds of rectangle 

environments which may contain regular-rectangle, 

unknown-position and unknown-dimensions static 

obstacles. It is worth pointing out that it could be 

developed to include more dynamic environments with 

different kinds of obstacles by modifying the generated 

path based on sensed information from the environment. 

As well the methods, which are developed in this work to 

realize the motion planning for wheeled robot, are 

innovative especially the grid method and the segment 

method More than that, these methods save time due to 

the truth that the possible paths are generated 
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programmatically and then the robot must follow the 

generated path. As well by converting the environment 

into a mini matrix and modifying it, these methods are 

able to solve the problem of local minima “or the trap” 

easily. The practical experiences have shown that the 

methods work well: the vertical and horizontal edges of 

the obstacles are highlighted using first order derivative 

theory and enlarged by a radius of the robot from all sides 

using segment theory, and the robot has been able to 

move in this kind of environments and reach the goal 

without collision. And to reduce the calculation time of 

paths generation, it is worthwhile to use the dynamic 

programming based on Dijkstra's algorithm with a 

priority queue. 

As for the current research, the main limitations are the 

studied kinds of obstacles. To solve these limitations, the 

following points are suggested for further developments 

of the methods which have been used: 

 The proposed grid method can be developed by 

adding the fuzzy concepts to cover more complex 

environments which may contain static-obstacles 

in different forms and shapes (not only regular-

rectangle). And the new method will be called 

fuzzy-grid method. The areas will be represented 

in the mini matrix with a fuzzy function (such as 

the ratio of the white pixels to the all pixels for 

each square area). 

 Develop the fuzzy grid method into dynamic fuzzy 

grid method to cover the case of presence the 

moving obstacles in the environment. In this case, 

the fuzzy values of the mini matrix will not be 

constant, and they will change upon the time based 

on obstacles movements. 

 Implementation of the obstacle detection in a three 

dimensions’ environment by adding another 

camera to solve the problem of the shadow in case 

of using high obstacles. 
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