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Abstract—We consider a control problem of a chain of
integrators where there is a finite constant delay in the input
and uncertain AC and DC sensor noise in the feedback
channel. If a finite constant delay and uncertain sensor noise
are included in a controller via the feedback channel, the
signal is distorted and the entire system cannot work
normally. Therefore, some appropriate action for a finite
constant delay and uncertain AC and DC sensor noise effect
is essential in the controller design. Our control scheme is
equipped with a gain-scaling factor, an amplifier, and a
compensator to keep the system states bounded and reduce
the ultimate bound of the output arbitrarily small. Our
result shows that the proposed method has a distinct
advantage over the existing results.

Index Terms—chain  of integrators,
compensator, input-delay, AC/DC sensor noise

amplification,

I.  INTRODUCTION

Typically, the control system operates through the
measured sensor data. There can be a case that noise
enters into the feedback channel in an additive form so
that the control signal is distorted and control
performance is degraded. Also, there can be a delay in
control input due to various reasons in practice. These
input delay and sensor noise problems can occur and
there have been many related results by far.

The measurement feedback control problems have
been studied in [1]-[7]. In [1], a sensor noise canceling
approach is proposed when the noise is assumed to be
generated by a known exogeneous system. In [4], the
authors propose a switching controller under only AC
sensor noise. In [5], the authors deal with both AC and
DC noise, but they require the known initial condition
and there is no delay in the input. In [7], they deal with
input delay and noise together, but the noise is limited to
AC noise only.

In this letter, we newly consider a control problem for
a chain of integrators under input delay and AC/DC
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sensor noise. Unlike [5], the initial condition information
is not known in advance. In order to solve our problem,
motivated by [8],[9], we add a signal amplification
scheme to our considered system. Then, a newly designed
controller with compensator and gain-scaling factor is
introduced. Via system analysis, we show that our
proposed controller derives the system output into
arbitrarily small bound. An example is given to verify the
advantage of our controller over the one in [7].

Il.  AMPLIFICATION SCHEME AND SENSOR

We consider a chain of integrators with delayed input

X, =X i=1--,n-1
X, =u(t-r7) 1)
y=X

where x=[x,---, x ]' €R" is the state, ueR is the
input, 7 € (0,00) is a known finite constant. The initial
condition is given as u(@)=v(d) , -t <6 <0 where
u,(8)=u(t+6)=u,. If sensor noise is included in a

controller via the feedback channel, the signal is distorted
and the entire system cannot work normally. Therefore,
controller is applied such as u=w(y) where

x=X+S(t) is the state with measurement noise,
S(t) =[S,(t),---, S, (t)]" is the sensor noise. The

following condition is assumed on the sensor noise.
Assumption 1: There exist uncertain constants d, , ¢,

and w, such that

S,(t)=d, +a, sinmt i=1---,n) (2
where 0<d, <d,, 0<a, <@ and @, <, <.

Remark 1: Our control goal is to keep the system
states remain bounded and derive the system output into
an arbitrarily small bound. Our control problem is
generalized over [4] [5] [7] because input delay, unknown
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initial condition, and uncertain AC/DC sensor noise are
combined altogether.
We set a reduction-type transformation [7].

Z, =X, i=1---,n-1
‘ ®)
Z,=X,+| u(s)ds
Then, from (1) and (3), the transformed system is
2, =1,
2,,=2,~[ u(s)ds (4)
z,=u
y=1

Due to DC noise with unknown initial condition, the
control methods of [5], [7] may not achieve our control
goal. To solve the problem, we modify our considered
system with amplifiers as illustrated in Fig. 1. We add
amplifiers and then we attach feedback sensors to
measure the feedback signals such that sensors measure
the amplified signals as similarly done in [8], [9].

amplifier :
:senFor noise

| '
£|R2 |

£IRi2 |

feedback channel

Figure 1. Modified system: A second-order case.

Let us set that the system signals are amplified by a
factor of ¢ via amplifiers. Then, after the amplifiers and
sensor measurement, the signals in feedback channel
become cx; +S,(t). Now, with the transformation (3),

the actual feedback signal to be used in controller is
expressed as cx, + S, (t).

I1l.  MAIN RESULT

For notational let ¢=[<,,+ ¢, T,
¢, =cz, +S,(t). Now, we propose a measurement
feedback controller as

convenience,

1[ k k
ﬂLfl 7’

i1
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where y, g,c>1and k , <0. Our proposed controller is
coupled with a gain-scaling factor  and a compensator

shown in integral forms.

Theorem 1: Assume that Assumption 1 holds. Select
k,---,k,,such that A" —k_ A" —---—k,A—k, =0is a
Hurwitz polynomial. Then, all states of the closed-loop
system (1) with (5) remain bounded. Moreover, the
ultimate bound of y can be made arbitrarily small by
adjusting 7, B, c.

Proof: From (4) and (5), the closed-loop system is

= Zz
. t
1,,=1, —J.H u(s)ds

=3 ki ©

Bly
+%ec‘*’" Lk— [c.00e 7" ag

e

[0 f’”)d4

Welet & =cz,, i=1---,n and set a virtual state as

¢ Lol g, o Haary
£a=—re’ { a0 7 dg
B y )

K, S
RO “)dqf}
e

+ e+

We can also express u as u :l5+l(§n+1 + 1, (1),
c ¢

5:%BK(7)§1 where f:[éll~~~,§"+1]-r’ B:[O,"',l]T,

k‘m{ k k—O} and
V4 V4

1] k k
nl(t):EL’"il 31+"'+72 n}
Ky
+%e”z"|:

;ﬁ; [s.o0e g ®

] L‘sn(m(ef"”“’)dqﬁ}

Then, from (6)-(8),
reorganized as

E= A E+A0+8,0+8,0+5+70) (9)

the closed-loop system is

where Ay = A+ BK () with (A, B) the Brunovsky

k

canonical pair, K(y):{%,...,ﬂ} A,()=[0,---,0,
e v

T
’

_ .[;cS(s)ds,0,0T A= [o, 0 f ‘. (s)ds,0,0}
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0,— CJ:; un (S)dS, 0, 0:|T , and 77(t) = [0, .., 0,

=A+BK

A= [o,

7,(1),0] .

K =K (1), we can obtain a Lyapunov equation of

From [10], since A, is Hurwitz

where
A P () +P (A, =—7 B2 Where B (y)=E RE,
E, :diag[Ly,---,y"], and AP, +P A =—Il. We seta
Lyapunov function V(&)=E&TP, ()& Then, along the
trajectory of (9)
V() =& Py 6 + &P, &
1

:_E},fl(Eyg) (E §)+ 28R, 0 (10)

1. 2_2 A gT
-7 el -G EES
+2ETE, PE{A, () + A, () + A, () + (1)}

The first two terms of (10) lead to the following

_%771<Ey‘§) (E §)+ 25TP ()0
-5 BT E ) 2R T RES
——2rE4ES)
¢k
By
p1‘1 pl‘n+l W EL
Ee| ¢ - HA )
Pos Prsns | ¢k,
7/3771
L 0 .
_i—* — % — % ]
27/ 1 2 n+l
—-Ee)] T 2 Ee)
. L
| n+l 2}/ ] (ll)
(e (e ¢)

c k k
where * = E[?’"ﬁl 2p,, +7TZ,12F’1,2 +

*, :%( "k+124 Pist knz,. Pip -t L(j,,i i,n]' (i=2,---,n+1).
v /4 /4

To investigate the positive definiteness of the matrix
I, we see that
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D(g;—ﬂj>0

—>2£>c( kniIme+ J
Y 4
n)iL[J;—ﬁj—*§>o
2y\ 2y
2 k
_)ﬂ_z>%[%2p1.1+"'+ ;n ZpMJ
4y® 2y \y 4

4 CZ I(1 I(n ’
—w Pt Pan
7 7

2y
ety mr
(27) 2y)°
. B
L2
167/ 87/3 (7/”1 P ¥ 737” pln) (12)
02 k :
4}/2 p31 1 n 3,n
)—(27/) (— J ,...,n)
B K, k_n2 j
e @y ( AP T 2R

Thus, from (12), we see that if g>>y, f>c and

k, <0, we have [T=I1" >0.
Similarly to [10], we apply the Razumikhin theorem

[11] with |< q>1. Here, we let
& =&t +6), —r<6<0 [11]. With this, we first have
H&AAMSTWZCHBKWW§t+6
<7 2 [BROE 4 (13
[E, A, O <77, .t + ) <0y ?|E, ]
From (10) and (13), we have
V(&) <—(E,&)" TI(E, &)
—%1 ~8ajoy * ~Bajoy 1 - HBK(V)\U\E e @Y

B E S 2T E RE (0,0 +70)
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where =24 (P, ).

here, we define a notation. For any given mxn matrix
(or vector) M =[m, ], we let |M|::ﬂmi,j ] 1<i<m and
1< j<n. With this notation, the last two terms of (14)
lead to the following inequality

I EE S+ 28 ERE (0,0 +70)

(15)
1 14T =2 1 Al g7 =2
<=7l B+ 3l B
Where £ 1) =8, R |E, {|a,0) + |70} =[£,®). - &0 -
Combining (14) and (15), we have
V() <—(E, &) TI(E, &)
(16)

T AR )

-7l e -6 0)
Thus, when 7>8,q0+3,qU£HBk‘(y)H, all states of the
B

closed-loop system remain bounded. Now, we investigate
the ultimate bound of &, i.e., UB(;):Itimfbl (t). After a

direct calculation, we can obtain

.0+ n

-1
7 | Paetna

& (=8

7"|p..,

c.[l n, (s)ds‘

7°|Posn

where p, ; isthe (i, j) th element of P, .
Under Assumption 1, we obtain the followings

nt)y == L (d, + o, sinwt)

k;
ﬂ }/n+2 i
1
+—e"

Ve —_ _[(d +a,sinmg)e™ g
V4

Lk Ty )
p o

n+1

(18)

. 1
a,sinwt +ﬁaiwie”"

M + o,

And

c.[ 7,(s)ds = cJ. { ﬁ(d +a, sinw,s)

+1eMs

(d +a,sinod)e M“)d¢}
=L d ﬁ }/{1+ MeMt(l Mt )}
57 ..

(19)

2 fcos mt - cos axft — 7)) — a, e L—e ™)

M + o,

where M = ,1<i<n.
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Since y,p,c=21 and k , <0, M is the negative.
Therefore, e™ —0as t —o0. To find the ultimate bound,

_ 1k By e« sinat (20)
limfz, (1) =) == (ﬁ_ ]_
- i=1 ﬁ Ve n+1 &;A + wi
By
And
) . 3 c k@ ﬂ /4
!LII]‘CJ:JUAS)dS‘_;ﬂz 7/n+2| |: ('B Ck j
(21)
% {cos ot — cos w(t —7)}
a)l
" oK,
=g,
B’y

If the value of g increases, AC and DC measurement
noise is reduced. By increasing g as follows, we have

ki di7
limjn, (1) = Zy {_Ck} (22)
And
i t LK dy
e n(s)es|=> {‘k_} #)

Then, as shown from (22), the magnitude of the DC
measurement noise d, can be reduced by adjusting c. If

the value of c¢ increases, DC measurement noise is
reduced such as

li, (0] 0 (24)

However, as shown from (23), Itim‘cJ.I nl(s)ds‘ dose
—>0 t-r

not approach to zero. Meanwhile, recall the relation

between & and z as

s z, (25)

Therefore, from (25), if the value of c increases, we
can also reduce the ultimate bound of z. Therefore, the
magnitude of &, (t) is reduced. As a result, the ultimate

bound of y(t) =x, =z, can be made arbitrarily small.
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Figure 2. Simulation result of the proposed controller (5).

IV. ILLUSTRATIVE EXAMPLE

We consider a second-order case. The control
parameter K is set as K=[-4,—-4,—6]. In our

simulation, we set S, (t)=5+5sint, S,(t)=6+4sin2t
and z=1. The initial conditions are set as x,(0) =1 and
X, (0)=-2.

In order to deal with AC/DC noise, other control
parameters are set as y=3, SB=1600(4>>y) and

¢=700. As shown in Fig. 2, while the controller [7] is
unable to compensate to the measurement noise(in
particular, DC noise), our proposed controller is
effectively reduce the noise of AC and DC because of an
amplifier and a newly designed compensator.

V. CONCLUSIONS

In this letter, we have proposed a controller for a chain
of integrators where there exist known input delay and
AC/DC sensor noise. Our controller equipped with a
gain-scaling factor, an amplifier and a compensator to
reduce the ultimate bound of the system output. We show
the improved results over the existing results under AC
and DC noise of sensor [7]. The benefit of our result is
shown via comparison through simulation.
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