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Abstract—A successful classification of different tumor 

types is essential for successful treatment of cancer. 

However, most prior cancer classification methods are 

clinical-based and have inadequate diagnostic ability. 

Cancer classification using gene expression data is very 

important in cancer diagnosis and drug discovery. The 

introduction of DNA microarray techniques has made 

simultaneous monitoring of thousands of gene expression 

probable. With this abundance of gene expression data 

nowadays, the researchers have the opportunity to do 

cancer classification using gene expression data. In recent 

years, a lot of machine learning methods have been 

proposed to do cancer classification using gene expression 

data such as clustering-based methods, k-nearest neighbor 

method, artificial neural network method, and support 

vector machine method, to name a few. In this paper, we 

present the un-normalized graph p-Laplacian semi-

supervised learning methods. These methods will be applied 

to the patient-patient network constructed from the gene 

expression data to predict the tumor types of all patients in 

the network. These methods are based on the assumption 

that the labels of two adjacent patients in the network are 

likely to be the same. The experiments show that that the 

un-normalized graph p-Laplacian semi-supervised learning 

methods are at least as good as the current state of the art 

network-based method (the un-normalized graph Laplacian 

based semi-supervised learning method) but often lead to 

better classification accuracy performance measures.  
 

Index Terms—graph p-Laplacian, genes, cancer 

classification, semi-supervised learning  

 

I. INTRODUCTION 

Cancer contains cells of the body which multiply in an 

uncontrolled fashion. Cancer cells may develop the 

capability to leave their tissue of origin and stay alive in 

other tissue types, causing metastases. The diagnosis and 

classification of cancer is an essential step for the 

treatment of the disease. Conventional methods used in 

the clinics are based on clinical, pathological, and 

molecular factors. The clinical factors include the age of 
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the patient and the stage of tumor describing the 

extension of the tumor locally or at the distance from the 

major position. Pathological factors include the size of 

the tumor, the lymph node status, and the grading 

reporting the morphology and proliferative size of the 

main tumor. Molecular markers are determined regularly 

by immunohistochemistry methods. Regrettably, the 

conventional methods cannot precisely define prognosis 

and predict response to treatment. Moreover, the human 

expertise is required. In the other words, the well-trained 

and experienced clinicians and pathologists are required. 

This is not a simple demand. There also exist the 

increasing number of tests that the clinicians are 

demanded to perform. Hence the automated system could 

provide the clinics with the second opinion or tools for 

training pathologists.  

The introduction of high throughput bimolecular 

measurements, for e.g. gene expression data, allows the 

close look at the molecular mechanisms of the diseases. 

Cancer classification using gene expression data is 

identified to contain the key for addressing the essential 

problems involving in cancer diagnosis and drug 

discovery. The introduction of DNA microarray 

techniques has made simultaneous monitoring of 

thousands of gene expression probable. With this 

abundance of gene expression data nowadays, the 

researchers have the opportunity to do cancer 

classification using gene expression data. In recent years, 

a lot of machine learning methods have been proposed to 

do cancer classification using gene expression data such 

as clustering-based methods [1], [2], k-nearest neighbor 

method [3], artificial neural network method [4], and 

support vector machine method [5], to name a few. 

However, there still exist a lot of issues needed to be 

identified and understood. The first issue is that the 

number of samples (i.e. patients) is small but the number 

of genes is large. The second issue is the presence of 

noise in the gene expression datasets. Finally, the third 

issue is most of genes in the gene expression datasets are 

not cancer related.      
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First studies with gene expression data used clustering-

based algorithms (for e.g. k-mean algorithm) to cluster 

patients into groups that shared common biological 

features. This is an un-supervised learning method of 

analyzing the data since no prior knowledge about the 

patients is used. No class labels assigning the patients to 

similar group are used. However, the classes are inferred 

from the results of the clustering algorithms. Normally, 

these un-supervised learning methods achieve the lowest 

accuracy performance measures. The other learning 

methods such as k-nearest neighbor method and support 

vector machine method are all supervised learning 

method. In these supervised machine learning methods, a 

graph (i.e. kernel) which is the natural model of 

relationship between patients are employed. In this model, 

the nodes represent patients. The k-nearest neighbor 

method labels the patient with the class label that occurs 

frequently in the patient’s adjacent nodes in the patient-

patient network. Hence k-nearest neighbor method does 

not utilize the full topology of the patient-patient network. 

However, the Support Vector Machine method utilizes 

the full topology of the patient-patient network. The 

Support Vector Machine method achieves the highest 

accuracy performance measures in most of classification 

tasks and is considered the current state of the art 

machine learning method. However, the time and space 

complexity of the Support Vector Machine method are 

high. Since the graph (i.e. kernel) used in Support Vector 

Machine method is fully-connected, SVM does not rely 

on the assumption that the labels of two adjacent patients 

in graph are likely to be the same. The Artificial Neural 

Networks method, the un-normalized, symmetric 

normalized and random walk graph Laplacian based 

semi-supervised learning methods are all based on this 

assumption. 

In the last decade, the symmetric normalized graph 

Laplacian [6], [9], random walk graph Laplacian [7], [9], 

and the un-normalized graph Laplacian [8], [9] based 

semi-supervised learning methods have successfully been 

applied to some specific classification tasks such as digit 

recognition, text classification, and protein function 

prediction. However, to the best of my knowledge, the 

un-normalized, symmetric normalized, and random walk 

graph Laplacian based semi-supervised learning methods 

have not yet been applied to cancer classification 

problems. In this paper, the un-normalized graph 

Laplacian based semi-supervised learning method will be 

served as the baseline method (i.e. the un-normalized 

graph 2-Laplacian operator) for cancer classification 

problem.  

In [10], [11], the symmetric normalized graph p-

Laplacian based semi-supervised learning method has 

been developed but has not been applied to any practical 

applications. To the best of my knowledge, the un-

normalized graph p-Laplacian based semi-supervised 

learning method has been developed in [12] and has been 

applied successfully to protein function prediction 

problem; however, it has not been applied to the cancer 

classification problem. In this paper, we will apply the 

un-normalized graph p-Laplacian based semi-supervised 

learning method to cancer classification problem. This 

method is worth investigated because of its difficult 

nature and its close connection to partial differential 

equation on graph field. Specifically, in this paper, the 

un-normalized graph p-Laplacian based semi-supervised 

learning method will be developed based on the un-

normalized graph p-Laplacian operator definition such as 

the curvature operator of graph (i.e. the un-normalized 

graph 1-Laplacian operator). Please note that the un-

normalized graph p-Laplacian based semi-supervised 

learning method is developed based on the assumption 

that the labels of two patients in the patient-patient 

network are likely to be the same [8,9]. The main point of 

the un-normalized graph p-Laplacian based semi-

supervised learning method is to let every node of the 

graph iteratively propagates its label information to its 

adjacent nodes and the process is repeated until 

convergence [8], [9], [12].   

We will organize the paper as follows: Section 2 will 

introduce the preliminary notations and definitions used 

in this paper. Section 3 will introduce the definition of the 

gradient and divergence operators of graphs. Section 4 

will introduce the definition of Laplace operator of 

graphs and its properties. Section 5 will introduce the 

definition of the curvature operator of graphs and its 

properties. Section 6 will introduce the definition of the 

p-Laplace operator of graphs and its properties. Section 7 

will show how to derive the algorithm of the un-

normalized graph p-Laplacian based semi-supervised 

learning method from regularization framework. In 

section 8, we will compare the accuracy performance 

measures of the un-normalized graph Laplacian based 

semi-supervised learning algorithm (i.e. the current state 

of art network-based method applied to bioinformatics 

problem) and the un-normalized graph p-Laplacian based 

semi-supervised learning algorithms. Section 9 will 

conclude this paper and the future direction of researches 

of other practical applications in bioinformatics utilizing 

discrete operator of graph will be discussed. 

II. PRELIMINARY NOTATIONS AND DEFINITIONS 

Given a graph G=(V,E,W) where V is a set of vertices 

with ,  is a set of edges and W is a  

similarity matrix with elements . 

Also, please note that . 

The degree function  is  

                                ,                                  (1) 

where  is the set of vertices adjacent with i. 

Define  

 

The inner product on the function space  is 

                                                      (2) 

Also define an inner product on the space of functions 

 on the edges 

                                              (3) 
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Here let  and 

 be the Hilbert space real-valued 

functions defined on the vertices of the graph G and the 

Hilbert space of real-valued functions defined in the 

edges of G respectively.  

III. GRADIENT AND DIVERGENCE OPERATORS 

We define the gradient operator  to be 

                              ,                    (4) 

where  be a function of .                 

We define the divergence operator  

to be 

                                (5) 

where         

Next, we need to prove that 

 
Proof: 

 

 

 

 

 

 

Thus, we have  

                (6) 

IV. LAPLACE OPERATOR 

We define the Laplace operator  to be 

                        (7) 

Next, we compute 

 

 

 

 

 

Thus, we have  

                   (8) 

The graph Laplacian is a linear operator. Furthermore, 

the graph Laplacian is self-adjoint and positive semi-

definite.  

Let , we have the following theorem 

1 

                                 (9) 

The proof of the above theorem can be found from 

[13,14].  

V. CURVATURE OPERATOR 

We define the curvature operator  to 

be 

                        (10) 

Next, we compute 

 

 

 

Thus, we have 

     (11) 

From the above formula, we have 

                   (12) 

The local variation of f at i is defined to be  

      (13) 

To avoid the zero denominators in (11), the local 

variation of f at i is defined to be 

,                  (14) 

where . 

The graph curvature is a non-linear operator.     

Let , we have the following theorem 

2 

                             (15) 

The proof of the above theorem can be found from 

[13,14]. 

VI. P-LAPLACE OPERATOR 

We define the p-Laplace operator  to 

be  

               (16) 
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Clearly,  and . Next, we compute 

                                              

 

Thus, we have 

(17) 

Let , we have the following 

theorem 3  

                          (18) 

VII.  DISCRETE REGULARIZATION ON GRAPHS AND 

PROTEIN FUNCTION CLASSIFICATION PROBLEMS 

Given a patient-patient network G=(V,E). V is the set 

of all patients in the network and E is the set of all 

possible interactions between these patients. Let y denote 

the initial function in H(V).  can be defined as follows 

 

Our goal is to look for an estimated function f in H(V) 

such that f is not only smooth on G but also close enough 

to an initial function y. Then each patient i is classified as 

. This concept can be formulated as the 

following optimization problem 

        (19) 

The first term in (19) is the smoothness term. The 

second term is the fitting term. A positive parameter  

captures the trade-off between these two competing terms. 

A. 2-Smoothness 

When p=2, the optimization problem (19) is 

       (20) 

By theorem 1, we have     

Theorem 4: The solution of (20) satisfies 

                   (21) 

Since  is a linear operator, the closed form solution of 

(21) is 

,                     (22) 

where I is the identity operator and . (22) is 

the algorithm proposed by [8].      

B. 1-Smoothness 

When p=1, the optimization problem (19) is  

,     (23) 

  By theorem 2, we have 

Theorem 5: The solution of (23) satisfies 

,                    (24) 

The curvature 𝜅 is a non-linear operator; hence we do 

not have the closed form solution of equation (24). Thus, 

we have to construct iterative algorithm to obtain the 

solution. From (24), we have 

 (25) 

Define the function  by      

             (26) 

Then (25) 

       
can be transformed into 

       (27) 

Define the function  by  

                 (28) 

Then  

                   (29) 

Thus we can consider the iteration  

 for all  

to obtain the solution of (23). 

C. P-Smoothness 

For any number p, the optimization problem (19) is  

,   (30) 

By theorem 3, we have 

Theorem 6: The solution of (30) satisfies 

,                    (31) 

The p-Laplace operator is a non-linear operator; hence 

we do not have the closed form solution of equation (31). 

Thus, we have to construct iterative algorithm to obtain 

the solution. From (31), we have 

   (32) 

Define the function  by      

        (33) 

Then equation (32) which is  
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can be transformed into 

        (34) 

Define the function  by  

                    (35) 

Then  

                   (36) 

Thus we can consider the iteration  

 for all  

to obtain the solution of (30). 

VIII. EXPERIMENTS AND RESULTS 

A. Datasets 

In this paper, we use the leukemia dataset available 

from [13]. The leukemia dataset contains expression 

levels of 7129 genes over 72 patients. Labels indicate 

which of two variants of leukemia is present in the 

sample (i.e. patient). There are 25 AML patients and 47 

ALL patients in the dataset. In the other words, we are 

given gene expression data ( ) matrix and the 

annotation (i.e. the label) vector ( ). We then split 72 

patients into 38 training and 34 test patients. We filtered 

the datasets to include only those genes that are expressed 

differently between two given classes ALL and AML in 

the training set of the gene expression data by using 

signal-to-noise ratio method. This resulted in a dataset 

containing 100 genes with highest signal-to-noise ratio 

scores.  

We refer to this dataset as leukemia. There are three 

ways to construct the similarity graph from the gene 

expression data: 

 The ε-neighborhood graph: Connect all patients 

whose pairwise distances are smaller than ε. 

 k-nearest neighbor graph: Patient i is connected 

with patient j if patient i is among the k-nearest 

neighbor of patient j or patient j is among the k-

nearest neighbor of patient i.     

 The fully connected graph: All genes are 

connected. 

In this paper, the similarity function is the Gaussian 

similarity function 

 

In this paper, t is set to  and the 5-nearest neighbor 

graph (i.e. ) is used to construct the similarity graph 

from leukemia. Please note that  is the sample (i.e. 

patient) expression profile i.         

B. Experiments 

In this section, we experiment with the above proposed 

un-normalized graph p-Laplacian methods with p=1, 1.1, 

1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9 and the current state of 

the art network-based method (i.e. the un-normalized 

graph Laplacian based semi-supervised learning method 

p=2) in terms of classification accuracy performance 

measure. The accuracy performance measure Q is given 

as follows 

 

All experiments were implemented in Matlab 6.5 on 

virtual machine. The parameter  is set to 1. 

The accuracy performance measures of the above 

proposed methods and the current state of the art method 

is given in the following Table I. 

TABLE I.  THE COMPARISON OF ACCURACIES OF PROPOSED 

METHODS WITH DIFFERENT P-VALUES  

With/without Signal To Noise 

(i.e. SNR) Ratio filter 

With SNR 

filter 

Without SNR 

filter (k=3) 

Accuracy 

Performance 

Measures (%) 

p=1 94.12 76.47 

p=1.1 94.12 82.35 

p=1.2 94.12 82.35 

p=1.3 94.12 88.24 

p=1.4 94.12 91.18 

p=1.5 91.18 91.18 

p=1.6 91.18 88.24 

p=1.7 91.18 88.24 

p=1.8 91.18 88.24 

p=1.9 91.18 88.24 

p=2.0 (current 

state of the art 
network-based 

method) 

91.18 88.24 

 

From the above table, we easily recognized that the un-

normalized graph p-Laplacian semi-supervised learning 

method outperform the current state of art network-based 

method. The results from the above table shows that the 

un-normalized graph p-Laplacian semi-supervised 

learning methods are at least as good as the current state 

of the art method (p=2) but often lead to better 

classification accuracies.    

IX. CONCLUSION 

We have developed the detailed regularization 

frameworks for the un-normalized graph p-Laplacian 

semi-supervised learning methods applying to cancer 

classification problem. Experiments show that the un-

normalized graph p-Laplacian semi-supervised learning 

methods are at least as good as the current state of the art 

method (i.e. p=2) but often lead to significant better 

classification accuracy performance measures.  

Moreover, these un-normalized graph p-Laplacian 

semi-supervised learning methods can not only be used in 

classification problem but also in ranking problem. In 

specific, given a set of genes (i.e. the queries) making up 

a protein complex/pathways or given a set of genes (i.e. 

the queries) involved in a specific disease (for e.g. 

leukemia), these methods can also be used to find more 

potential members of the complex/pathway or more genes 

involved in the same disease by ranking genes in gene co-

expression network (derived from gene expression data) 

or the protein-protein interaction network or the 

integrated network of them. The genes with the highest 
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rank then will be selected and then checked by biologist 

experts to see if the extended genes in fact belong to the 

same complex/pathway or are involved in the same 

disease. These problems are also called complex/pathway 

membership determination and biomarker discovery in 

cancer classification. 
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